ACTION OF NON ABELIAN GROUP GENERATED BY 
AFFINE HOMOTHETIES ON R n 



ADLENE AYADI AND YAHYA N'DAO 

Abstract. In this paper, we study the action of non abelian group G 
generated by affine homotheties on R n . We prove that G satisfies one of 
the following properties: (i) there exist a subgroup Ag of R* containing 
in its closure (i.e. £ Ag), a G-invariant affine subspace Eg of R™ 
and a G Eg such that G(x) — Ag(x ~ a) + Eg for every x £ R n . In 
particular, G(x) = Eg for every x 6 Eg and every orbit in U = R™\_Eg 
is minimal in U. (ii) there exists a closed subgroup Hg of R n and a £ R n 
such that for every x £ R n we have G(x) = (a; + Hg) U (—as + a + Hg). 



1. Introduction 

A map / : R n — > W 1 is called an affine homothety if there exists 
A G M\{-1,0, 1} and a G M n such that f(x) = X(x-a) + a for every x G R n . 
(i.e. / = T a o (A.idRn) o T_ a , T a : x i — >■ x + a). Write / = (a, A) and we call 
a i/ie center of / and A the ratio of /. Denote by 

H(n, R) := { / : x i — ► Ax + a; aeR", A G M*} 

the affine group generated by all affine homotheties of M. n . We let 7n(R) 
the group of translation of M n . We say a group of affine homotheties any 
subgroup of %(n,R). 

Denote by S n the subgroup of T-L(n, R) of affine symmetries, i.e. 

5 n := { / : x i — > ex + a; a G W n , e £ {-1, 1}} 

Write / = (a, e), for every f £ S n defined by f(x) = ex + a. Under 
above notation, a map / = (a, A) £ %(n,R) is either an affine homothety if 
A ^ {— 1,0,1}, and here a = f(a), or an affine symmetry (resp. translation) 
if A = — 1 (resp. A = 1), and in this case a = /(0). 

Let G be a non abelian subgroup of 1-L(n, R). There is a natural action 
H(n,R) x W 1 : — ► R n . (f,v) i — >• /(«). For a vector v G R n , denote by 
G(v) := {/(«) : / £ G) C I" the orftit of G through u. A subset A C R n is 
called G-invariant if /(A) C A for any / G G; that is ^4 is a union of orbits 
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o 

and denote by A (resp. A ) the closure (resp. interior) of A. 

If U is an open G-invariant set, the orbit G(v) C U is called minimal in U 

if G(v) DU = G(w) n U for every w G G(v) n U. 

We say that F is an affine subspace of R n with dimension p if F = E + a, 
for some a 6 R™ and some vector subspace E of W 1 with dimension p. For 
every subset A of W 1 , denote by vect(A) the vector subspace of R n generated 
by all elements of A. 

Denote by: 

- idjRn the identity map of W 1 . 

- A G := {A : / = (a, A) G G}. It is obvious that A G is a subgroup of R* (see 
Lemma 12, ID . 

- Fix(/) := {x G R" : f(x) = x}, for every / G H(n,R). 

( U Fix(/) 5 if G\S n ^$. 
feG\s n 

0, if GcS n 

G D T n , we have G\ is a subgroup of 7^. 
Gi(0), we have Hq is an additif subgroup of R n . 

{/(O), feGnSn}. 
-- r G u 7G . 

{/(o), /GGn(5 n \r„)}. 

Aff{fla) the smaller affine subspace of R n containing f^. 

Remark that 7^ 0, since Tq / or 7^ ^ 0, and so Eq / 0. 

We describe here, closure of all orbit defined by action of non abelian 
subgroups oiH(n,M). We distinct two considerable states. When G\S n / 0, 
this means that G contains an affine homothety different to a symmetry (i.e. 
its homothety ratio A has a modulus |A| 7^ 1). In this case we prove that 
closure of any orbit is an affine subspace of R n or it is union of countable 
affine subspaces of R ra . As consequence, we deduce that G has a minimal 
set in R n , which is contained in closure of all orbit. 

In the other state, G is a non abelian subgroup of S n , then it contains 
necessarily an affine symmetry / G S n \T n . In this case we prove that closure 
of any orbit of G is union of at most two closed subgroups of R n . As 
consequence, we deduce that every orbit is minimal in R n . 

I learned that Zhukova have, independently proved in pQ similar results 
to Lemma 13.41 Proposition 13.61 and Corollary ll.21 (ii). The methods of proof 
in PQ and in this paper are quite different and have different consequences. 

For n = 1, we prove that action for every non abelian affine group is 
minimal (i.e. all orbits of G are dense in R). In [2j and [3], the authors 
are interested to the semigroup case, in [3], Mohamed Javaheri has proved a 
strong density results for the orbits of real numbers under the action of the 
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semigroup generated by the affine transformations Tq(x) = ^ and = 
bx+1, where a,b > 1. These density results are formulated as generalizations 
of the Dirichlet approximation theorem and improve the results of Bergelson, 
Misiurewicz, and Senti in [2]. 

Our principal results can be stated as follows: 

Theorem 1.1. Let G be a non abelian subgroup of H(n,M). One has: 

(1) // G\S n + %, then: 

(i) G and Eg is a G-invariant affine subspace of W 1 with dimen- 
sion p > 1 . 

(ii) G(x) = Eg, for every x G Eq. 

(hi) there exists a G Eq such that G(x) = Ag(x — a) + Eg, for every 
x G U = R n \E G . 

(2) If G C S n , then Hq is a closed subgroup ofW 1 and there exists a G M. n 
such that G(x) = (x + Hg) U (— x + a + Hg), for every 



Corollary 1.2. Under notations of Theorem \l.l\ If G\S n ^ 0, then: 

(i) Every orbit in U is minimal in U. 

(ii) Eg is a minimal set of G in R n contained in the closure of every 
orbit of G. 

(hi) All orbit in U are homeomorphic. 



Corollary 1.3. Let G be a non abelian subgroup of H(n,M). Then: 

(i) If G\S n 0, then G has no periodic orbit. Moreover, if G is count- 
able then it has no closed orbit. 

(ii) If G C S n , then every orbit of G is minimal in W 1 . 



Corollary 1.4. Let G be a non abelian subgroup of T~L(n,M.) such that 
G\S n 0. Then the following assertions are equivalents: 

(1) G has a dense orbit in in M n . 

(2) Every orbit of U is dense in M. n . 

(3) G satisfies one of the following: 

(i) E G = R n ' " _ 

(ii) dim(EG) = n — 1 and Aq = M.. 



Remark 1.5. Let G be a non abelian subgroup ofH(n, M) such that G\S n 7^ 



Suppose that dim(EG 
that A/i < and ^ 



n 



log\n 

in Lemma 13.121 we wi 
lary 131(3). (ii)). 



- 1 and there exist A, [i G Ac such 
then G has a dense orbit. (Indeed, 
1 prove that Ac = M and we apply Corol- 
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(ii) If Aq = R and dim(EQ) < n — 1, then by Theorem 1.1. (ii), G has 
no dense orbit and every orbit of U is dense in an affine subspace of 
R n with dimension dim(EQ) + 1. 

Corollary 1.6. Let G be a non abelian subgroup of S n . Then the following 
assertions are equivalent: 

(i) G has a dense orbit. 

(ii) Every orbit of G has a dense orbit. 
(hi) The orbit G(0) is dense in R n . 
(iv) Hq is dense in W 1 . 

Remark 1.7. Let H n = { f : x i — > a(x - a) + a; aeR™, a G R*} be the 
set of all affine homotheties of W 1 . Then: 

(i) H{n,R)=H n UT n {M). 

(ii) H n is not a group. (Indeed; % n n 7^ (It) = {idRn}. For / = (a, 2) 
and 5 = (2a, |) one has / o g = T a G 7^(R), with T a : x i — > x + a.) 

(hi) There exists a subgroup of S n , having two orbits non homeomorphic. 
(See example 6.4). 

For n = 1, remark that any subgroup of H{1, R) is a group of affine maps 
of R. As consequence for Theorem 11.11 we establish the following strong 
result: 

Corollary 1.8. Let G be a non abelian group of affine maps o/R. 

(i) // G\S\ 7^ then every orbit of G is dense in R. 

(ii) If G C S\ then all orbits of G are dense in R or all orbits are closed 
and discrete. 

This paper is organized as follows: In Section 2, we introduce some pre- 
liminaries Lemmas. Section 3 is devoted to given some results in the case 
G\S n 7^ 0. Results in the case when G is a subgroup of S n are given in 
Section 4. In Section 5, we prove Theorem ll.il Corollaries 11.21 H-4| lL6l 
and 11.81 In Section 7, we give four examples. 



2. Preliminaries Lemmas 

Recall that Fix(/) := {x G R n : f{x) = x}, for every / G %(n, R). 
So 

f 0, if feT n 

Fix(f) :={ {§}, if f = (a,e)eS n \T n 

[ {a}, if f = (a,\) eH(n,R)\S n 

Lemma 2.1. Let G be a non abelian subgroup of 7^(n,R) . T/ie se£ Ac is a 
subgroup o/R*. Moreover, if G\S n ^ 0, f/ien G A G . 



ACTION OF NON ABELIAN GROUP OF HOMOTHETIES ON 1" 



5 



Proof. Since icfen 6 G, so 1 6 A G . Let X,fi G A G and f,g G G denned by 
/ : x i — > Xx + a, and g : x i — > /ix + b, x £ R n , so / o g" 1 (x) = f (j^ - j^J = 
^x-f + a. Hence jj G A G . Moreover, if G\5 n / 0, T G \{-1, 1} / 0. So 
Zim X m = 0, for any A G T G . It follows that G A G . This proves the 

m— »±oo 

Lemma. □ 



Lemma 2.2. 

(i) Lei / = (a, a), 5 = (6, f3) G H(n,R)\<S n ZZien f o g = go f if and 
only if a = b or a = 1 or /3 = 1 . 

(ii) // = Fix(g) then fog = gof. 

(hi) Let G be a non abelian subgroup ofH(n,M) such that G\S n 7^ 0, Z/ten 
Z/iere exisi / = (a, a), g = (b, (3) £ G such that a ^ b. Moreover, 
there exist a, b G r G snc/i Z/iaZ a ^ b. 

Proof, (i) If / o = g o /(or), for every x G M n , 

then X(fi(x — b) + b — a) + a = fi(X(x — a) + a — b) + b, 

so — Xfj,b + A(6 — a) + a = —fiXa + //(a — 6) + 6, 

thus (a - 6)(A/i - A - fi + 1) = 0. Hence (a - 6)(A - - 1) = 0. This 
proves the lemma. 

(ii) There are two cases: 

• If Fix(f) = Fix(g) = then f = T a and g = for some a, 6 G M n , so 

f°g = g°f- 

• If Fix(f) = Fix(g) = a / 0, so /, g G T-L{n,R.)\T n , there are four cases: 

- / = (a, A), g = (a, /x) G %{n, M)\S n , then fogix) = X([i(x—a)+a—a)+a = 
Xfi(x — a) + a = g o f(x), for every x G M n . 

-/ = 9 = (2a, -1) G 5 n \7;, so / o g = g o /. 

-/(2a, —1) G S n \T n and g = (a, /x) G H(n, M)\<S n , so for every x G M. n , 

f o g(x) = —(fi(x — a) + a) + 2a 
and 5 o f(x) = fx(—x + 2a — a) + a 

so fog(x)=gof(x) = -fix+(l+fi)a 

hence f ° 9 = 9 ° f ■ 

- f = (a, A) G %(n,R)\«S n and g(2a, —1) G S n \T n , so as above / o g = g o / . 
This completes the proof. 

(hi) Since G is non abelian then the proof of (hi) results from (ii). 
Moreover, we have Tq / and let h = (c, A) G G\S n . Since G is non abelian 
then there exists h' G G such that ho h! / h' o /i. By (ii), Fix(h) / Fix(h'), 
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so h'(c) / c. Then ti oho ti~ x = {h'(c), A) G G\5 n , hence /i'(c),c 6 T G . 

□ 

Lemma 2.3. Let i3 = (ai, . . . , a n ) be a basis ofM n . Then the smaller affine 
subspace Aff(B) ofM. n containing {a\, . . . , a n } is defined by 

( n n ~\ 

Aff{B) := < x = ^a k a k : a fc G M, ^a k = 1 I . 

I k=i k=i J 

Proof. Let E := T- ai (Af f(B)). Then E is a vector subspace of 1" gener- 
ated by {d2 — <*i) • • • j On — ai}- Since J5 is the smaller vector space containing 
0, (Z2 — ai, . . . , a n — ai, so T 01 (-E 1 ) is the smaller affine subspace of M n con- 
taining {ai, a n } □ 



Remark 2.4. As consequence of Lemma 12.31 if Eq contains a,a%, . . . ,a n 

n n 

such that (ai, . . . , a n ) is a basis of W 1 , and a = Yl a fc a fc with ^ a& ^ 1. 

fc=i fc=i 

Then E G = R n . 

Lemma 2.5. Let G be a non abelian subgroup of7i(n,M) such that G\S n 7^ 
0. Then for every x G M. n we have Tg C G(x). 

Proof. Let x G W 1 and a G r^. Since G\S n 7^ then there exists / = 
(a, A) G G\S n , so |A| 7^ 1. Suppose that |A| > 1 and so 

Hm f k (x) = Urn \ k (x — a) + a = a. 

k — >— 00 A; — 00 



Hence a G It follows that T G C G(ar). □ 

Lemma 2.6. Let G be a non abelian subgroup ofH(n,M.) such that G\S n 7^ 
0. Then: 

(i) if Eg is a vector space, there exist a%, . . . , a p G Tg swc/i t/iat (01, . . . , a p ) 
is a frasis 0/ -Eg • 

(ii) if G' = T- a o G o T a /or some a G Tg, t/ien Eq> = T^ a {Ec) and 
k G , = A G . 

Proof, (i) Since Eg is a vector subspace of W 1 with dimension p, so Eg = 
vect(p.G) where Qg = U 7G- As G\5 n 7^ then Fq 7^ 0- Let 01, . . . , a k G 
Tq and , . . . , b p G 7g such that Si = (ai, . . . , o^, 6fc+i, ■ ■ ■ , b p ) is a basis 
of Eq and (01, . . . , a k ) is a basis of ueci(r(j). For every k + 1 < i < p there 
exists gi £ S n H G such that gj(0) = Oj. Since ai G then there exists 
/ G G\5 ra with / = (ai, A). Write fi = fto/o^r 1 , for every k+1 < i < p. We 
have fi = (gi(ai),X) G G\S n . See that &(ai) = e^ai + Dj, with £j G {-1, 1}, 
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k + 1 < i < p, so gi(ai) G Tq, for every k + 1 < i < p. 

Let's show that £>2 = (a±, . . . , a&, gk+i(a>i), ■ ■ ■ )5p(ai)) is a basis of Eq: 
Let 

£fc+l • • • e p 
... 

... 

and Ik, Ip-k are respectively the identity matrix of Mfc(M) and M p _k(M). 
So M is invertible and M(B\) = 82- So B2 is a basis of Eq contained in Fq, 
a contradiction. We conclude that k = p. 

(ii) Second, suppose that Eg is an affine subspace of M. n with dimension 
p. Let a G r G and G' = T_ a o G o T a . Set / = (a, A) G G\S n , then 
T_ a o / o T a = (0, A) G G'\S n , so G Tqi C E^'j hence is a vector 
space. By (i) there exists a basis (a\, . . . , a p ) of I*^' contained in Tqi. Since 
T G / = T_ a (r G ), we let a k = T a (a' k ), 1 < k < p, so a 1 , . . . , a p G T G . We have 
Tg> = T_ a (r G ) C T^a(Ec) and T_ a (Eo) is a vector subspace of M n with 
dimension p, containing a[, . . . , a p . So Eqi = T_ a (i? G ). 
See that for every / = (6, A) G G\S n , T_ a o f o T a = (b — a, A), so A G / = 
A G . ' □ 



M 



4 




Ip—k 



with ^4 



Lemma 2.7. Let G be a non abelian subgroup ofH(n,U) such that G\S n ^ 
ill and Eg is a vector space. If ai,...,a p G r G such that B\ = (01, a p ) is 
a bases of Eq then there exists a G r G such that B2 = {a\ — a, a p — a) 
is also a basis of Eq. 



Proof. Since a p _i G r G , then there exists A G A G \{— 1, 1} such that f p -\ 
(a p _i,A) G G\S n . Let a = / p _i(a p ) = X(a p — a p _i) + a p -\. Then a 
\a p + (1 — A)a p _i. By Lemma [3TT1 (ii) . r G is G-invariant, so a G r G . 
We have P{B X ) 



P 



B2 where 
1 




A- 1 . 
-A . 







10 
A-l A A-l 
-A A 1 — A 



Since det(P) = 2A(1 — A) 7^ then P is invertible and so B2 is a basis of ' 



□ 



8 



ADLENE AYADI AND YAHYA N'DAO 



Lemma 2.8. Let G be the subgroup ofH(n, M) generated by fi = (01, Ai ),..., f p 
(a p ,X p ) G 7i(n,R)\S n . Then E G = Aff({ai, . . . ,a p }). 



Proof. Since Eq = Aff(&c), it suffices to show that Q G C A//({oi, . . . , a p }). 

(i) First, suppose that Eq is a vector space. We will prove that C 
vect({ai, . . . ,a p }): 

Let / G G, so / = Z™ 1 o • • • o /™ 9 for some q G W , m, . . . ,n q G Z and 
ii, . . . , i q G {1, . . . ,p}. So for every x G 1", 

= A " 1 1 ( A ™ 2 2 (- • • (K^i (K q q ( x - a i q ) + a i« - S-i) + a i t -l ■■■) Oil) + Oil 

9-1 

fe=l 

= A- . . . Afs + (X>£ • • • \> w - • • • A-a lfc + a n ) 

\fc=i fc=i / 

= Ax + a 
where 



r A = A" 1 ...A^ 

q-l q 

a = E A™ 1 • • • A"*a ifc+1 - E A™ 1 • • • A"*a ifc + 

k=l k=l 



(1) 



- If |A| / 1, then /(x) = Xx + a = X[x- j^j + j^, x G M n , so 
/ = r^j, aV with G vect({ai, . . . ,a p }), so T G C vect(ai, . . . ,a p ). 

— If | A | = 1, then / = ^a, pfM, with a = /(0) G vect({ai, . . . , %,}), so 

7G C vect(ai, . . . ,a p ). 

It follows that Qg C vect({ai, . . . , a p }). 

(ii) Second, suppose that £g is an affine space. We will prove that C 
A/7({ fl i, • • • , Let G' = T_ ai oGoT ai , so G" i s gen erated by f' k = T_ ai o 
fk ° T ai = (ajfe - ai, A fc ), fc = 1, . . . ,p. By Lemma [3J2J (ii) , E G > = T_ ai (E G ) 
is a vector space and by (i) we have Eqi C vect({a,2 — ai, . . . ,a p — ax}), so 
#G = T ai (E G i) C T ai (vect({a 2 - ai, . . . ,a p -ai})) = Aff({ai,a 2 , ■ ■ . ,a p }), 
so the proof is complete. □ 

3. Some results in the case G\S n ^ 

In this case, G contains an affine homothety having a ratio with module 
different to 1. In the following, we give some Lemmas and propositions, will 
be used to prove Theorem ll.il 
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Lemma 3.1. Let G be a non abelian subgroup ofH(n,R), then: 

(i) If Eg is a vector subspace ofR n , then {/(0),/ G G} C Eq. 

(ii) If Tq 0, i/ien Tg and Eq are G-invariant. 



Proof, (i) Let f £ G, there are two cases: 

- If / G G\S n , then / = (a, A), for some A G Ac and a G T^r C Eq. There- 
fore fix) = X[x - a) + a, x G M n and /(0) = (1 - A)a, so /(0) G £g since 
Eq is a vector space. 

- If / G S n , then / = (a, e), with |e| = 1 and so /(0) = a G E?g- 
(ii) Suppose that Tq ^ 0: 

Tc is G-invariant: Let a G Tq and g € G then there exists A G — 1,1} 
such that / = (a, A) G G\S n . We let h = g o f o g^ 1 G G. We obtain 
/i = (a', A) G G\5 n with a' = g{a). It follows that g(a) G Tg and so Tg is 
G-invariant. 

-Eg is G-invariant: Let a G Tg and G' = T_ a o G o T a . We have G' is 
a non abelian subgroup of rl(n,R) and Eqi = T- a {EQ) is a vector sub- 
space of R n . Let / G G' having the form f(x) = Xx + b, x G R n . By 
(i), b = /(0) G Tg> C Eg". So for every x G E"g', f(x) G E?g', hence 
E"g' is G'-invariant. By Lemma 12.61 (h) one has Eq = T„ a (E , G')> so it is 
G-invariant. □ 



Lemma 3.2. Let A > 1 and # A := {gAP(l - A p ), p,q G Z}. T/ien ET A is 
dense in R. 



Proof. Let x,y £ Ml, such that x < y. Since Zim \ P J^\ P \ = +oo then 
there exists p G 7L*_ such that ^p^J^p) > 1- Therefore there exists 5 £ Z 
such that \ V {\-\v) < 1 < ap(i-ap) • Since A > 1 and p / then 1 — A p > 
and soj:< gA?(l - A p ) < y and -y < -q\ p {l - X p ) < -x. Hence R* + cW 
and R*_ C 1T\ It follows that H x is dense in R. □ 



Lemma 3.3. LetX>l,ae R n \{0} and := {qX p (l-X p )a+a, p,q£ Z}. 
If G is the group generated by f = (a, A) G %(n, M)\<S n and /i = XAd^n, then 
Ha C G(a) C Ra. Moreover, T(i_,\ m )a 6 G, /or every m£Z. 
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Proof. Let p, q G Z. For every z G 1" we have 

/TP o fP( z ) = \- p (\ p (z -a) + a) = z + (X~ p - l)o, (1) 

SO (h~ p o fP) 11 - 1 (z) = z + (q - l)(\- p - l)a. 

For z = h~ p (a) we have 

o f p ) q - 1 (h' p (a)) = \~ p a + {q- 1){X~ P - l)o 

Then 

/ 2 P o (/T* o /P) 9-1 o h- p (a) = X 2p (q\- p a - (q 

= qX p (l - X p )a + a 

It follows that q\ p (l-X p )a+a G G(a) and so H* C G{a). Since ft(Ra) = Ra 
and f(cta) = X(aa — a) + a = (Xa — X + l)a then Ra is G-invariant, so 
G(a) C Ma. 

Moreover, by taking p = —m in (1), for some m G Z, we obtain 

/i m o / m (z) = jg + (A m - l)a, z G R n . 

Then Tj^m_i) a G G and so T(i_A™*) a = T,^^ G G. The proof is complete. 

□ 

Lemma 3.4. Let X > 1, a, b G R n wt/i a^b. If G is the group generated 
by f = (a, A) and g = (6, A) then G(a) = R(6 — a) + a. 

Proof. Let A > 1, a,b G R n with a ^ b and G be the group generated by 
/ = (a, A) and g = (6, A) . Denote by G' = T_ b oGoT b , then G' is a subgroup 
of ■%(?!, R) and it is generated by h = TLj, o / o T& and </ = T_5 o o o Tj,. We 
obtain /i = A.zdjRn and g' = (a — b, A). 

Since A > 1, g' G G'\S n , so by Lemma E31 we have -f^_ 6 C G'(a — b), 
where #*_ 6 := {gA p (l-A p )(a-6)+a-6, p, g G Z}. Since o-6 / then H*_ b 
and -ff A := {gA p (l — X p ), p,q G Z} are homeomorphic. By Lemma 13.21 we 
have if A is dense in R so H^_ b is dense in R(o - b). Since iT*_ 6 C G'(a - b) 
and by Lemm a EH G'(a - 6) C R(a -6), so G'(a - 6) = R(a - b). We 
conclude that G(a) = r b (R(a - 6)) = R(a - b) + 5. A s R(a - 6) + & = 
R(a-b) + (a-b) + b = R(6-a) + a. It follows that G(a) = R(6- a) + a. □ 

Lemma 3.5. Let A > 1, /i G R\{0, 1} a, 6 G R n urat/t a / 6. 7/ G is i/ie 
group generated by f = (a, A) and g = (5, /x) i/ten G(a) = R(6 — a) + a. 



= qX p a — (q — l)a. 



— l)a — a) + a. 
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Proof. Let A > 1, u € R\{0, 1} a, b G R n with a ^ 6 and G is the group 
generated by / = (a, A) and g = (b,fi), then by Lemma [2.21 (i). G is non 
abelian. 

(i) First, we will show that R(b — a) + a is G-invariant: 
Let a£l, and x = a(b — a) + a we have 

/(x) = A(a(6 — a) + a — a) + a 
= \a(b — a) + a 

and 

f{x) = fi(a(b — a) + a — b) + b 

= /j,(a — l)(b — a) + b — a + a. 
= (1 + n(a - l)){b - a) + a 
So/(x), g(x) GM(6-a) + a. 

(ii) Second, we let g' = g o / o we have g' = (g(a),X) G G\S n . Since 
a ^ b and /j / 1 then 

<?(a) — a = u(a — 6) + 5 — a = (1 — //)(& — a) ^ 0. 

If G' is the subgroup of G generated by / and g' then by Lemma 13.41 we 
have G'{a) = R(g(a) — a) + a. Since g(a) = fj,(a — b) + b then 

R{g(a) -a) + a = R(u(a -b) + b-a) + a 

= R(1- H)(b-a)+a 

= R(b-a) + a. 

By (i), we have R(b — a) + a is G-invariant so G'{a) C G(a) C R(6 — a) + a, 
hence G(a) = R(6 - a) + a. □ 

Proposition 3.6. Lei G be a non abelian subgroup of H(n,R) such that 
G\S n ^ 0. Then for every x 6 E'g, we /lave G(x) = E'g. 

To prove the above Proposition, we need the following Lemmas: 

Lemma 3.7. Let G be a non abelian subgroup of rl(n,R). Let f G G, 
u,v G R n i/ien /(Ru + v) = R« + /(v). 



Proof Every / G G has the form /(x) = Ax + a, x G M n . Let a £ 1 
then f(au + v) = A(au + v) + a = Aau + (Aw + t> ) = Xau + /(w). So 
f(Ru + v) =Ru + f(v). □ 
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Lemma 3.8. Let G be a non abelian subgroup of *H(n,M.) such that Eg 
is a vector subspace of R n and Tg 7^ 0- Let a,a\, . . . ,a p G Tg such that 
(ai, . . . , a p ) and (01 — a, . . . , a p — a) are two basis of Eg and let D k = R(a& — 
a) + a, 1 < k < p. Lf C G(a) for every 1 < k < p, then G(a) = Eg- 

Proof. The proof is done by induction on &\m{EG) = p > 1. 
For p = 1, by Lemma l2.2i (iii) there exist a,b G Tg with a 7^ b, since G is 
non abelian and Tq 7^ 0- In this case D\ = R(£> — a) + a = R = i?G> then if 
D x c Gfa) so G{a) = E g .Tg~ = E g . 

Suppose that Lemma [3.8l is true until dimension p—1. Let G be a non abelian 
subgroup of %(n,R) with Tq 7^ and let a,a\,...,a p G Tg such that 
(ax, ... , a p ) is a basis of Eg- Suppose that C G(a) for every 1 < k < p. 
Denote by H the vector subspace of Eq generated by (a± — a), . . . , (a p -i — a) 
and A p _i = T a (H). We have A p _i is an afflne subspace of Eg and it con- 
tains a, ai, . . . , a p _i. 

Set A,A fc G T G , 1 < k < p- 1 such that / = (a,\),f k = (a fc ,A fc ) G G\S n . 
Suppose that A > 1 and > 1, for every 1 < k < p — 1 (leaving to replace 
/ and fk respectively by f 2 or f~ 2 and by /| or f k 2 )- Let G& be the group 
generated by / and fk, 1 < A; < p— 1. By Lemma [331 we have Gk(a) = D k - 
Let G' be the subgroup of G generated by /, f\,. . . ,f p -i, then D k C G'(a) 
for every 1 < k < p — 1. 

By Lemma [2.8l we have -Eg' = A p _i. Let G" = Tl a oG'oT a , by Lemma [2.61 (ii) 
we have E G " = T_ a (A p _i) = H and = T^ a (D k ) C G"(0) for every 
1 < k < p — 1. By induction hypothesis applied to G" we have G"(0) = H 
so G'(a) = A p _i. Since G'(a) C G(a), then 

ViCGW (1). 

Let x G £g\A p _i and D = R(a p — a) + x. Since (ai — a, . . . , a p — a) is a basis 
of Eg, so i/ © R(a p — a) = Eg with x, a G Eg, then x — a = z + a(a p — a) 
with z £ H and a G R. Let y = z + a, as -ff + a = A p _i we have y G A p _i, 
and 

y = — a(a p — a) + x £ D 
= z + a 

= x — a — a(a p — a) + a 
= —a(a p — a) + x G D 

Hence y G A p _i n £>. 

By (1) we have y G G(a). Then there exists a sequence (f m )meN in G 
such that Zim f m {a) = y. For every m G N denote by f m = (b m , A m ). 

m — >+oo 
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By Lemma [3771 we have f m (D p ) = f m (M.(a p — a) + a) = IR(a p — a) + f m (a). 
Since Zim f m (a) = y then 

m — H-oo 

Um fm(Dp) = M(a p - a) + y 

m — >+oo 

As y G D then y — x £ W(a p — a), thus M(a p — a) + y = W(a p — a) + x = D 
and so Um f m (D p ) = D. 

m — >+oo 

Since D p C G(a) then D C G(a), so x G G(a), hence _Ec\Ap-i C G(a). By 
(1) we obtain .Eg C G(a). Since r^r 7^ then by Lemma l37Ll (ii). we have Eq 
is G-invariant, so G(a) C Eq since a S Eq. It follows that G(a) = Eq- □ 

Proof of Proposition \3.6l Let G be a non abelian subgroup ofH(n, TV). Since 
G\S n / then / and suppose that Eq is a vector subspace of W 1 , 
(one can replace G by G' = T_ a o G o T a , for some a G Tg). 

First, we will prove that there exists a G such that G(a) = By 
Lemmas l2.6l (i) and !2.7l there exists a, ai, . . . , a p G such that (a\, . . . , a p ) 
and (01 — a, . . . , a p — a) are two basis of Eq. Denote by = M(afc — a) + a, 
1 < k < p. Since a G Tq, then there exists / G G such that / = (a, A). 
Suppose that A > 1 (one can replace / by f 2 or f~ 2 ). By Lemma [3.51 
Dk C G(a), for every 1 < k < p. By Lemma 13.81 we have G(a) = Eq. 

Second, let x G Eq and by Lemma 12.51 we have Tq C G(x) and by 
Lemma 13. 11 (ii). Tq is G-invariant. Since a G Tq then 

Eq = Gja) Cl^C G(i) . 

It follows that G(x) = Eq since -Eg is G-invariant (Lemma 13. 1|, (ii)) - The 
proof is complete. □ 

Proposition 3.9. Let G be a non abelian subgroup of H(n,M.). Suppose 
that G\S n 7^ and Eq is a vector space. Then for every x G M. n \EQ, we 
have G{x) = Aq.x + Eq. 

To prove the above Proposition, we need the following Lemma: 

Lemma 3.10. Let G be a non abelian subgroup of Win, R) such that G\S n 7^ 
0. For every A G Ag\{— 1, 1} and for every b G Eq, there exists a sequence 
(/m)meN in G such that Urn f m = f , with f = (b,X) G 7i(n,M.)\S n . 

m — >+oo 

Proof. Let A G A G \{-1,1} and b G E G . Given g = (a, A) G G\S n , so 
a G Tq C Eq. By Proposition 13.61 we have G(a) = Eq. Then there exists 
a sequence (g m )m£N in G such that Urn g m (a) = b. For every m G N, 

m — >+oo 
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denote by f m = g m o g o g" 1 , so / m = (g m (a), A). Hence iim / m = /, 

■m — >+oo 

with / = (b, A). □ 



Lemma 3.11. Let G be a non abelian subgroup o/"H(n,R) such that Eg is 
a vector space and G\S n / 0. Then: 

(i) For every b G Eq there exists a sequence (T bm ) m£ z in G C\T n such that 
Urn T bm = T b . 

m— >— oo 

(ii) If — 1 G Ac, then for every b G Eq there exists a sequence (S* m ) mG N in 
Gfl (S n \T n ) such that Urn S m = S = (b, — 1). 



m — >+oo 



Proof, (i) • First, suppose that 6 G Tg, then there exists / G G\5 n with 
/ = (6, A). Since G is non abelian set g G G such that / o g g o f . Set 
h = gofog- 1 , soh = (g(b), A). Let G' = T_ g{b) oGoT g{b) , f = T_ g{b) ofoT g{b) 
and h! = T~ g (b) ° h o T fl (&), so f = (b — g(b), A) and h! = (0, A) = 
By Lemma [HU for every m G Z, T' m = I>]_^m)(&_ 5 (&)) £ G'. Write 
° ^ ° T_ g{b) , so 

6 m = (1 - A m )(6 - + 5 (6) = (1 - \ m )b + A m <?(6), m G Z. 

Since |A| / 1, suppose that A > 1, so h'm (1 — \ m )a + X m g(b) = b 

m— >— oo 

follows that the sequence (T bm ) m £ G nT n and Zim T& m = T b . 



m—t—oo 



• Now, suppose that b G £"g and let a G T^. By Proposition ^. 61 G{a) = Eg, 
so there exists a sequence (gk)k hi G such that Urn gk(a) = b. By above 

k — >+oo 

state, there exists a sequence {T am ) m £ G C\T n such that Zim T am = T a . 

m— >— oo 

Set T bm fe = 5fc o T am o g~ l , one has T bm fe = (g k (a m ), 1) G G n %. We have 
Zzm 6 mjfc = Urn g k (a m ) = gk(a), so 



m— »— oo 

Zim 6 m) fc = Um gk{o) = b. 

||(k,-m)||->+oo ' k— >+oo 

So Urn T bm k = T b . This complete the proof of (i). 

||(fe,— m)||— V+oo ' 

(ii) Suppose that —1 G Ag and let b G Eg- Then there exists / = (a, —1) G 
G n S n . By Lemma [3711 (i) , a = /(0) G £g, so b — a G -Egj 

since Eg is a 

vector space. By (i), there exists a sequence (T CLm ) m& z m G n T n such that 

Zim T am = T b _ a . Set S m = T am of. We have 5 m = (a + a m , -1) G Gr\S n . 

m— y— oo 

Since Zim a m = b — a, then Zim a + a m = 6, so Zim # m = S 1 = (6, — 1). 

m— >+oo m— >+oo m— >+oo 

The proof is complete. □ 
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Proof of Proposition \3. (A Let G be a non abelian subgroup of %(ra,R) such 

that G\S n ^ and E G is a vector space. Let x £ U = R n \E G . 

Lest' prove that A G .x + E G C G(x): Let a £ Ac and a £ E G . 

• Suppose that a £ A G \{ — 1, 1}. Since Eg is a vector space, a' = £ Eg. 

By Lemma f3. 101 there exists a sequence (f m )m in G such that lira f m = 

m — >+oo 

f = (a',a)£ G\S n . Then 

/(x) = a(x — a) + a 
= ax + (1 — a)a' 
= ax + a £ G(x), 

so 

(A G \{l,l}).x + E G cGjx). 



• Suppose that a £ Ac D { — 1, 1}. 

- If a = 1, by Lemma [3.111 (i). there exists a sequence (T am ) m in G such 
that lim T am =T a . So T a (x) = x + a £ G(x). 

m — >+oo 

- If a = 1, by Lemma [3.1 11 (i). there exists a sequence (S m ) m in Gn (S n \T n ) 
such that Zim 5 m = S = (a, —1). So S(x) = — x + a £ G(x). 

m — >+oo 

It follows that ax + a £ G(x) and so 

(A G n{-l,l})x + E G c Gfc). 
This proves that A G .x + E G C G(x). 

Conversely, let's prove that G(x) C A G .x + E G . Let / £ G. 

• Suppose that / = (a, A) £ G\S n . By Lemma [37TJ (i) , /(0) = (1 — A)o £ E G 
since E G is a vector space. 

Then /(x) = A(x — a) + a = Ax + (1 — A)a £ A G .x + E G . 

• Suppose that / = (a, e) £ G n 5 n , so /(x) = ex + a £ A G .x + E G , since by 
Lemma [3TTJ (i) , /(0) = a £ E G . 

It follows that G(x) C A G .x + E G . Therefore G(x) C As-.x + E G . Hence 
G(xT = A^.x + E G . □ 



Lemma 3.12. // there exists A, /U £ A G suc/i that A/U < and ^ Q ; 

i/ien Ac = R. 

Proo/. Suppose that A < < \x. Let H + := {X 2p n 2q ,p, q £ Z} and H_ := 
A.F+. See that #_ C A G and so H + U # _ C A G . Set / :]0,+oo[ — > R, 
the homeomorphism defined by f{x) = logx, so f(H+) : = Z + [~|^J Z. As 

^ Q then f(H + ) is dense in R, so and -£/_ are dense respectively 
+oo[ and in ] — oo, 0[. We deduce that A G = R. □ 



log 


A| 


log 




in 


0. 
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4. Some results for non aJbelian subgroup of S, 



'n 



In this case, G is a non abelian subgroup of S n , then it contains necessarily 
an affine symmetry. In the following, recall that G\ = G f]T n and every 



We use the following lemmas and propositions to prove Theorem 11,11 and 
above Corollaries: 

Lemma 4.1. Let G be a non abelian subgroup of S n . Then: 
(i) Cri(O) is an additif subgroup ofW 1 . 
(h) 5 G / 0. 

(iii) For every f G G\%, we have /(Gi(0)) = 8 G and f{5 G ) = G x (0). 
Proof. The proof of (i) is obvious. 

(ii) If Sg = then G n (S n \T n ) = 0, so G is a subgroup of 7^(R), hence G 
is abelian, a contradiction. 

(iii) Let / G G\7;, & € Gi(0) and g = (6, 1) G Gi . Then for every x G M n 
we have / o g{x) = f(x + b) = — x — 6 + a, so f o g = (—b + a, —1). Hence 
f(b) = fog(p) = -b + ae6 G . 

Conversely, let b £ 5g and g = (6, —1) G G\T n such that y(0) = b. We 
have / o g{x) = f(—x + b) = x — b + a, so f o g = (—6 + a, 1) G Gi, thus 
c = -6 + a G Gi(0). Hence b = -c + a = /(c) and so 6 G /(Gi(0)). It 
follows that /(Gi(0)) = S G . As /- 1 = / so f(5 G ) = Gi(0). □ 

Proposition 4.2. Ze£ G be a non abelian subgroup of S n , a G S G and 

x G W 1 . Then: 



Proof. Let G be a non abelian subgroup of <S n and x G R n . We have 



G(x) = {g{x) =ex + b, g = (6, e) G G} = (x + Gi(0)) U {-x + «5 G ) . So 



Since G is non abelian then G\T n / 0, so let / = (a, —1) G G\7^ with a G 
5 G . By Lemma HU (iii) we have 5 G = /(G x (0)). By LemmaiU(i), Gi(0) is 
an additif subgroup of R" the n /(Gi(0)) = Gi(0) + a, so 5 G = Gi(0) + a. 
Hence — x + 5 G = —x + Gi(0) + a. By (1) we conclude that 




ex + a. Denote by 



G(x) = (x + Gi(0)) U (-x + a + Gi(0)). 




(1) 




□ 
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5. Proof of main results 

Proof of Theorem \l.l\ Let a G Eq and G' = T_ a oGoT a . By Lemma f2.61 (ii). 
Eq' = T-a(Ec), so Eqi is a vector subspace of R n . Then : 

• Proof of (l).(i): One has T G / since G\5 n ^ 0. Then by Lemma EH 
6 Aq and by Lemma 13. 11 (ii). Eq is G-invariant. As G\S n ^ 0, there exist 
b,c G T G C Eg, with 6 / c (Lemma [2721 (iii)), so dim(£ G ) > I. 

• Proof of By Proposition 13. 6( G'(a; — a) = Eq>, for every x G -Eg-- 
So T_ a (G(x)) = E & , it follows that G(x) = T a {E G i) = E G . So the proof of 
(l)(i) is complete. 

• Proof of (l).(m): By Proposition 13.91 G'{x — a) = Ag>.{x — a) + E' G , for 
every x G U. So by Lemma [276], (ii) , T_ a (G(x)) = Kq.{x — a) + Eg — a, it 
follows that G(x) = Ag-(x — a) + Eg- So the proof of (l)(h) is complete. 

• Proof of (2): The proof of (2) results from Lemma l4.1i (i) and Proposi- 
tion g~5J since H G = Gi(0). □ 

We will use the following Lemmas to prove Corollary 11.21 

Lemma 5.1. Let G be a non abelian subgroup of 7i{n,M) with G\S n ^ 0, 
then for every x G U we have G(x) = G(y). 

Proof. Suppose that Eg is a vector space (leaving to replace G by G' = 
T- a o G o T a for some a G Eg, and by Lemma 12761 (ii) . Eq> = T_ a (Sc) is a 
vector space). Let x G U and y G G(x) n U. By Theorem 1 1 . 1 1 ( 1 ) . (iii) . there 
exists a G .Eg such that G(x) = Ag(x — a) + Eg- Since Eg is a vector space 
and a G Eg then G(x) = Aqx + Eg- In the same way, 

Gjjj) = ~A~G~y + Eg, (1). 

See that G(x) nU = (Ag~\{0})x + E G . Write y = ax + b, where a G Ag~\{0} 
and 6 G E G . So by (1), 

G{y) = A^y + E G = A^(ax + b)+E G = aA^x + E G . 

Since a G Ag and by Lemma [27TT Ac\{0} is a subgroup of R*, then aAc = 
A7J. Therefore G(y) = A^x + E G = G{x). □ 

Lemma 5.2. Xe£ G be a non abelian subgroup of rl{n,M) such that Eq is 
a vector subspace ofW 1 . Let x G U then the vector subspace H x = Rx© Eq 
o/R n is G-invariant. 

Proof. Let x G R™\Eg and H x = Rx + E G . Let / G G having the form 
f(z) = Xz + a, z G R n , then by Lemma [T72l (i) . a = /(0) G -Eg- For every 
a G R, 6 G Eg, we have /(ax + b) = A(ax + b) + a = Aax + Xb + a. Since 
Eg is a vector space, then Xb + a G Eg and so /(ax + b) G -£f x . □ 
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Proof of Corollary 

• The proof of (i): The proof results from Lemma 15. 11 

• The proof of (ii): As G\S n 7^ 0, then by Lemma [2 .1| G Aq. So the proof 
of (ii) results from Theorem 1,1.(1). (ii) . 

• The proof of (Hi) : Suppose that Eq is a vector subspace of R n (leaving, 
by Lemma [L~2l (ii) . to replace G by G' = T_ a o G o T a , for some a G E^)- 

Recall that £7 = M. n \Ec and let x,y £ U with x ^ y. Denote by i/^ = 
R.x © -Eg an d by H y = R.y © Eg- By lemma 15.21 we have H x and -£f y 
are G- invariant. Let tp : H x — > H y be the homeomorphism defined by 
(p(ax + v) = ay + v for every a£l and v G Eq. For every / G G, with the 
form f(z) = Xz + a, z G R n , then by Lemma 13. 11 (i). a = /(0) G Eg* and so 
^(/(a;)) = v?(Ax + a) = Ay + a = f{y). It follows that (p(G(x)) = G(y). □ 



Proof of Corollary \1.3[ 

• The proof of (i): From Corollary ll.21 (ii). the closure of every orbit of G 
contains Eq and by Theorem 11.11 (1). we have dim(Ec) > 1, so G has no 
periodic orbit. Moreover, if G is countable then every orbit O is also count- 
able, hence O can not be closed. 

• The proof of (ii): Let x G M n and y G G(x). By Proposition 14.21 we have 
G(x) = (x + Gi(0)) U (-x + a + GhJ&f) . Suppose that y G (s + Gi(0)) 

then y = x + b for some 6 G Gi(0). By Lemma l4.11 (i). Gi(0) is an additif 
group, so b + Gx(0) = Gi(0). Therefore, by Proposition 14.21 we have 

G(y) = (z + & + Gi70)) U (-x-6 + a + GT(0)) 
= (x + GTM) U (-x + a + GT(0)) =Gvx)- 



The same proof is used if y G (x + a + Gi(0)). □ 



Proof of Corollary \ l-4\ Let G is a non abelian subgroup of %(n,R) such 
that G\«S n ^ 0. Suppose that Eq is a vector subspace of W l (leaving, by 
Lemma [2U1 (ii) , to replace G by T_ a o G o T a , for some a G Eg.) 



• Let's prove that (1) and (2) are equivalent: if G(x) = M. n , for some x G R n , 
so x G U. Let y £ U, t hen by Corollary O (i) , G(y) n U = G(x) n Z7 = £/". 
Since f/ is dense in R n , G(y) = M n . Conversely, the proof is obvious. 

• (3).(i) (1): If £; G = R« then by Theorem 0(1) .(ii) we have G(x) = 
Eq, for every x G Eg- So G has a dense orbit. 

• (3).(m) =^ (1): If Aq is dense in R then by Theorem 11.11 (1). (ii) we 
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have G(x) = Aqx + Eq, for every x G U. So G has a dense orbit. 

• (1) ==> (3): Suppose that G has a dense orbit G(x), for some x G R n . 
There are tow cases: 

- If £ G = R n , then we obtain (3).(i). 

- If -B G ^ R n then dim( J E G ) < n - 1, so and U ^ 0, hence x £ U. By 
Theorem 1 1 . 11 ( 1 ) . (hi) we have G(x) = M.x + Eg, so dim{Eo) = n — 1 and Ac 
is dense in R. Then (3).(n) follows. □ 

We use the following Lemma to prove Corollary 11.61 
Lemma 5.3. Let H be an additif subgroup ofW 1 . Then 

o 

H ^ if and only if H = R n 

o o 

Proof. Suppose that H ^ and let a G -ff / 0. Then there exists e > 
such that B( a ,e) C / ft, where B( 0)E ) = {2; G R n : ||x — a|| < e} and 
|.| is the euclidian norm. Since H 7^ is an additif group, it follows that 
-B(o, £ ) = T- a (Br aE \) C H. Moreover, we also have -B(o,me) = m -S(o,e) c i?, 
for every m £ F. As 1" = |J B(o lfn6 ) C 2f, it follows that If = R n . 

mgN* 

Conversely, the proof is obvious. □ 



Proof of Corollary \1.6[ Let G be a non abelian subgroup of <S n . By 
Lemma 1331 (i). one has Sq 7^ 0- Let a G Sq and / = (a, —1) G G. 

• First, by Corollary 11.31 (ii) we prove that (i) , (ii) and (Hi) are equivalent. 

• Second, let's prove that (Hi) and (iv) are equivalent: Suppose that G(0) = 

o 

R n . By Proposition |42] we have G(0) = Gi(0)U (a + Gi(0)). Since G(0) ^ 

o 

then G\(0) 7^ 0. By Lemma H?TJ (i) , #g = Gi(0) is an additive subgroup 
of R™ then by Lemma IQ1 = R n . Conve rsely, if 77g = R n then by By 
Proposition SJ we have G(0) = G x (0) U (a + Gi(0)) = R n . □ 

Proof of Corollary \1.8l For n = 1, G is a non abelian group of affine 
maps of R. 

• The proof of (i) : If G\Si / 0, then by Theorem ll.H (l). Eq is a G-invariant 
affine subspace of R with dimension p = 1 such that every orbit of Eq is 
dense in it. In this case Eg = R- 

• The proof of (ii): If G C Si, then by Theorem [TTTJ (2), Hg is a G-invariant 
closed subgroup of R and there exists a G -Eg such that for every x G R, we 
have G(x) = (x + #g) U ( — £ + a + -^g)- Then there are two cases: 

o If Hg is dense in R, so every orbit of G is dense in R. 
o If Hg is discrete then every orbit is closed and discrete. 
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6. Examples 

Example 6.1. Let G be a subgroup of "H(2,R) generated by f\ = (ai,a±) 
and /2 = (02,0:2) and = (03,03), where at 7^ 1, for every 1 < k < 3 



and a\ = 
dense in 



V2 




a 2 



and 03 



V3 
-V2 



Then every orbit of G is 



Indeed, by Lemma 12.21 (i). G is non abelian. By Proposition 13,61 for ev- 
ery x G Eq, we have G(x) = Eq. In this case, by Remark 12,41 = ^ 2 so 
every orbit of G is dense in R 2 . 



Example 6.2. Let (a%, . . . , a n ) be a basis of R n and a = ^ OfcOfc, with 

fc=i 

n 

OfcOfc 7^ 1, then for every i > 1, the subgroup G of %(n,R) generated by 

k=l 

{/ = (a,t), T ak ,2 < k < n} is minimal, (i.e. every orbit of G is dense in 

TU>n\ 



Indeed; By Remark 12.41 we have Eq 
orbit of G is dense in R n . 



and by Proposition 13.61 every 



Example 6.3. Let (ai, . . . , a n ) be a basis of R n and A G R\{0, 1}. Then 
every orbit of the group generated by T ai , . . . , T an , AT d is dense in R n . 

Indeed, By Remark 12.41 we have Eq = R n and by Proposition 13.61 every 
orbit of G is dense in R n . 

Example 6.4. Let a G R n and G be the group generated by / = T a , 
g = (a, —1) and h = T^ a . Then for every x G R n \Ra, we have G(0) and 
G(x) are not homeomorphic. 

Proof. Remark that for every i/; £ Gi, there exist ni,mi,pi, . . . , n r ,m r ,p r G 
Z such that 92 = (f ni o o mi o hP 1 ) o • • • o (/"- o o mr o ft^), for some r G N*. 

• First, let's show by induction on r > 1 that 

p(0) G (Z + V2Z)a (»). 



For r = 1, we have 



¥>(0) = f 

= —p\V2a + mia + ma 
= (mi + ni + \/2pi)a. 
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So <p(0) GG (Z + v^Zjo. 

Suppose property (i) is true up to order r — 1. If 

cp = o 5 mi o h Pl ) o (/ n2 o 5 m2 o tf* o • • • o f n - o g m - oh Pr ), 

then by induction property there exists p,q G Z such that 

/ n2 og m2 oh P2 o-.-o f n - o o fr** (0) = (p + \/2g)a. 
So (p(0) = f ni o 5 m i o h Pl ((p + \/2g)a), thus 

_ | - ((p + v / 2g)a + Pia) + a + nia, if mi is odd, 
[ ((p + v / 2q , )« + Pi a) + ^ia, if mi is even. 

Hence, cp(0) G (Z + v^a. 
It follows that 

Gi(0) C (Z + V^Z)a (1) 



• Second, we will proof that Gi(0) = (Z + \/2Z)a. let p, g G Z, we have 
/P o fc« = T (p+v ^ g)a , thus /* o /»ff(0) = (p + V2q)a G d(0). It follows 

by (1) that Gi(0) = (Z + v2Z)a. With the same proof we can show that 
fc = Gi(0). 

• Thirdly, by Proposition 14,21 for every x G M n , we have G{x) = (x + 
<n(0)) U (-x + Gi (0)). Therefore 67(0) = Gi(0) = (Z + ^/2Z)a = Ma and it 
is connected. But = (x + Ma) U (—a; + Ma), is not connected for every 
x G R n \Ma. Hence G(0) and can not be homeomorphic. □ 

Remark 6.5. Remark that the form of <p used in the proof of Example 16.41 
is general of every ip G G and the order (/"* o g mk o h Pk ) is not particular of 
(p. For example, if <p = g m o f n o h p , we write 

Cp = (/"I O a™ 1 O h Pl ) O (/™ 2 o ^ /jP2) Q (yn 3 g m 3 ^3) 

with m = pi = m2 = P2 = n% = m-3 = 0, mi = m, = n and P3 = p. 
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